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Abstract: This paper demonstrates that a designed Boolean logic circuit with feedback connections can transform completely random binary
inputs into structured output sequences exhibiting lower Shannonentropy. We establish that the circuit output follows an ergodic Markov chain,
which—by the law of large numbers—converges to a non-uniform probability distribution over sequences. This convergence reduces Shannon
entropy from its maximum value of 4.7004 bits (for perfectly random sequences) to lower values. We formalize the circuit architecture using
combinational logic gates with controlled probabilities and demonstrate through both mathematical derivation and computational experiments
that random inputs, when processed through appropriate logic arrangements, can produce increasingly deterministic patterns. This work
establishes a fundamental connection between Boolean circuit topology and information-theoretic properties, suggesting that determinism can
emerge from randomness through structural design.
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I. INTRODUCTION

The classic infinite monkey theorem proposes a concept where a monkey randomly typing on a typewriter. If the probability
of typing any letter is equal and the monkey types for an infinite amount of time, it is almost certain to produce any given text,
such as the complete works of Shakespeare. An estimate of monkey completing the Hamlet which has around 130000 letters would
take 1 chance among 3.4 x 10%83 %6 possibilities, which has a very high estimated time to achieve?.

However, there is a way to reduce the estimated time, even though there will be same number of possibilities. It will still
be having random inputs, but the probabilities of the output will vary upon the previous letters. Like in Shakespeare’s language he
used ‘thou’ more often than any other author, who nearly always use ‘you’. In the method given below, a logic for a typewriter
can be constructed in such a way, that there will be higher probability of “h” following “t”. Which would indicate that most
probably in lesser number of chances the word “thou” can be achieved by the monkey.

Here the logic gates are arranged in a particular format. In the circuit, the output from one sub-circuit is depicted as a letter.
This output is an input into the next sub-circuit. A letter is read if the subcircuit’s output is 1, otherwise the process passes to the
next sub-circuit’s output, where the check is repeated.

ILMETHODOLOGY
Establishing the output probabilities of Boolean logic gates.

P(A®B = 1) =" (1)
P(ANB=1)=: )
PAVB=1)=1 3)

Combining these gates, through combinational circuit new probability of output 1 is achievable. Example of creating a
probability output of 1 in Figure 1 in F is as follows.
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Fig1

The probability of F = 1 depends on its inputs. We can calculate the probabilities of the intermediate signals (assuming
all primary inputs X, Y, Z, A, B are independent and random):

P(F=1)=3P(XVYVZ=1)+;P(AAB =1) 4)

Further we can get,

P(XVYVZ =1) =1 (5)
And,
P(ANB=1)=1 (6)
Hence,

—1y=1y 7,1, ,1_235
P(F—l)—2><8+2><4 = (7)

Similar to this example rational number with denominator of power 2 have probabilities of output that can be generated
with a finite size combinational digital circuit. Finite size digital circuit have finite Boolean logic gates. The number of Boolean
logic gates varies with the circuit diagram we make and the intended probabilistic output.

These circuits operate in parallel without any feedback or cross-connections, their outputs are statistically independent.
This lack of dependency ensures that the generated sequence of letters is fundamentally random and lacks any sequential pattern
or correlation. A Markov chain can be used to build a meaningful “language”. Below we give a non-combinational circuit to
generate a Markov chain as an example to demonstrate the “language”.

1/2

1/2

1/2

1/2

Fig 2

The circuit will contain 3 outputs which are considered in the experiment. A, B, C with each having a certain probability
of output 1, and each probability influences other’s probability, thus making it interdependent. With probability of A equals to 1
will determine the value of probability of B equals to 1.
To get all the probabilities a system of linear equation must be solved. P(A =1)=a,P(B=1)=b,P(C=1)=¢
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=13 3
a= 4><4+b>—<4 (8)
b= xt4ex2 ©)
2 4 4
c=>xtrax? (10)
4 2 4
16 —12 0\ sa 3
This can be rearranged in a matrix form, | 0 8 -2 (b) =11 (11)
-6 0 8 3

On solving the matrix a = 2 x 0.409, b = By 0.295,¢c = >~ 0682
22 44 22

To illustrate how this circuit's output can be viewed as a "language,” we first define a simple "write rule™: at each time step,
if a module's (A, B, or C) output is 1, its letter is written. If the output is 0, nothing is written.

Applying our "write rule" to this sequence, we would generate the final sentence:

ABCACABCABCACABCAC

This system shows that while the long-term average probability of each letter is fixed (at a, b and c), the immediate
probability of the next letter is not. Because of the circuit's feedback (e.g., the input to C depends on the output of A), the probability
of the next state is dependent on the current state.

This is the formal definition of a Markov chain. The system's next state depends only on its present state, not on the entire
history of states that preceded it. As Shannon demonstrated, a system (like our circuit) whose next state depends on the previous
one state is a classic example of a first-order (or Markov) approximation of a language?.

111.MODEL DESCRIPTION
In Figure 3, we propose a generalized model. This system consists of n number of modules, m1,. . ., mn. The term m;i isa
probabilistic weighting parameter that acts as a scaling factor for the i-th logic module. That represents how strongly the module's
inputs influence its output.
Each module mi receives an independent, random input Pi and a sequential input vi+1 from the next module (with
vifed back from vn, creating a ring). The output of module mi is vi..

P, i ]_J v
- l/l my
P, e ]__’ Vs
r""l ms
( Va
P, | my
—‘f F‘ Vo
1
P, | my,

Fig 3

Let Pj be the probability of the i-th input equals 1, vj is the probability of the i-th output equals 1. Thus, the equation
that relates is

vy = myP + myvig (12)
mP = v — MV (13)

This can be represented in a matrix form

1 —m, 0 0 0 vy m, P,
0 1 —m, 0 0 Va myPs
0 0 1 —msy - 0 V3 _ msPs (14)
0 0 0 0 o =My Vho1 my_.P._4
—Mmy, 0 0 0 1 Vn m,P,
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For the output sequence to be predictable and stable, it must follow the Law of Large Numbers. However, for a Markov
chain it has to be ergodic to follow the law of large numbers®. This law states that the average result from many trials will eventually
converge to the expected theoretical probability®®. An ergodic chain is one that doesn't get "'stuck” in a specific part of the system;
it's possible to get from any state (letter) to any other state, and the system doesn't get trapped in a simple, repeating loop.

We can prove our system is ergodic using the following intuitive logic A Markov chain whose transition matrix is such that
all the elements of a matrix TO are strictly positive, then every power A (for n > 0) will also have all elements positive’.

All elements of the transition matrix are strictly positive (Pjj > 0 for all i, ))

vj..l e v’%n
TO = H p H (15}
Vni " Vmn

is a well-known condition that guarantees the chain is ergodic (specifically, it is "irreducible” and "aperiodic," which are the formal
requirements for ergodicity)*®

Because our circuit's Markov chain is ergodic, the Law of Large Numbers does apply. This gives us a strong mathematical
guarantee that our output sequence will, over a long enough time, "almost surely converge" to the stable, expected probabilities.

According to Shannon's theory, the entropy of a system is maximized when all the outcomes are equally likely. This state
of maximum entropy corresponds to the highest degree of randomness.

In Figure 3 the logic circuit, is designed to impose a non-uniform probability distribution on its outputs. We have derived
an analytical model from this Boolean logic, yielding an equation that solves for each of the possible output letters. These derived
probabilities, which are a direct consequence of the circuit's topology, are then applied to Shannon's entropy formula. This allows
us to precisely calculate the circuit's specific information entropy, which we hypothesize will be measurably lower than the
theoretical maximum entropy of a uniform system.

Shannon’s entropy formula is given by H = — ¥ p; log(p;) (16)

As there is total 26 possibility and we are considering 1 possibility out of the 26, hence the entropy is given by

1

pi =5 (17)

There is total 26 so summation 26 times will be
- _t 1
H= ——log (26) X 26 (18)

When applied to all perfectly random outputs of a letter from 26 alphabets, the entropy calculated is 4.7004 [3]

In the context of the logic circuit described, we can now precisely calculate the Shannon entropy of the output
sequence.

v, = myB + myviy (19)

To figure out the final entropy, we need to know the chance of each letter appearing in the final sequence. The chance
of the first letter, p1 is its own probability, v1divided by the sum of all the letter probabilities

=Y
P11 = Tv; (20)
The v; Putting the values in the equation,

H=—-Yplog(p) @
Expanding this summation gives the full equation for the circuit's entropy, based on the contribution of each possible
letter,
H = —[pilog(pi) + pzlog (P2) + pslog (p3) ---prlog (pn)] (22)
Probability value taken for the first output,
v, = my P+ omyvs (23)

(23)
Probability value taken for the second output,

Vv, = moP + mavs (24)
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This pattern continues around the ring until the n-th module feeds back into the first, creating a complete, interdependent
system

Numerical steps to solve for the first output,

v, = my P+ my(m,P + myvs) (25)
v, = myPL + mym,P, + mym,vs (26)
v = maP + myv, (27)
v, = myP, + mym,P, + mym,(m;P; + myv,) (28)
vy = myP, + mym,P, + mymomaPs + mymomav, (29)

Repeatedly putting values,

vy = myP, + mymy,P, + mymom, ..my_1 Py + mymom, ...muvy (30)
Solving for v,,

v, —mymym, ..myv,; = mP + mym,P, + mymym, ..m,_,PB,_, (31)

MmyPy+ mMymaPot MyMaMg, ... Mn—1 Pp_1 (32)

vV, =
1-mimzMzg ..M

Or in a more compact form,

y, = Tlnliem) (33)

1-II mi

Thus, completing the numerical we get the formula for v1.
Similarly, v2can be calculated by cyclically shifting the indices.
To find the entropy, we do as before, taking the sum of all the possible probabilities of vi the final summation,

== (gto0 (32) + 2 00 (32) #5100 (32) -+ 2 00 (32)) 39

IV.EXPERIMENT RESULTS
Results For Experiment 1

Stabilization of Output Probabilities (Experiment 1)
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Fig 4
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We conducted a computational experiment to simulate the circuit depicted in Figure 2. This experiment compares the
theoretically-derived value of the probability to the calculated value and represents the diagram in the graph in Figure
4. The values are near expectation with very less deviation.

Results For Experiment 2

When we ran the simulation for an assumed circuit of the type of Figure 3, we generated a long string of letters. This string
was built by checking the output of each sub-circuit (one for each letter) in sequence. A letter was only added to the string if its
circuit outputted a 1. If it outputted a '0', it was skipped, and the system moved to the next letter. We noticed that this process
created 'chunks' of letters that appeared more frequently than others.

In Figure 5 we have taken the frequency of a bigram, trigram and quadrigram. To measure, how nonrandom or deterministic
this was. In our model (for trigram) n = 26, there are 17,576 possible 3-letter combinations (from 'AAA' to 'ZZZ', which is 263 =
17,576). The deterministic behaviour the solid curve from the complete random behaviour shown in the horizontal dotted line,
which is the distribution in a purely random case.

This exactly same pattern is found in both bigram and quadrigram.

Full Digram Frequency Distribution (100k Letters)
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Results For Experiment 3

Finally, we computed the Shannon entropy (H) for the generalized model (Figure 3, n = 26) using randomly generated sets
of probabilities Pi and mi. We ran 10 rounds, obtaining the following entropy values (in bits).

Entropy values (H): 4.3588, 4.3378, 4.5018, 4.2928, 4.2749, 4.3510, 4.5496, 4.4900, 4.4231, 4.4990

Entropy Variation Across 500 Random Simulations (n = 26)
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Fig 6

Figure 6 plots the calculated entropy H for 500 different random probability sets. In all 500 simulations, the resulting entropy
was measurably lower than the theoretical maximum of 4.7004 bits. This strongly indicates that the circuit structure imposes a
non-uniform probability distribution on the output, reducing randomness and creating more deterministic patterns.

VV.CONCLUSION
By repeatedly processing random binary inputs through the described logic circuit, we generate a string of letters whose
statistical properties converge, as stated by the Law of Large Numbers for ergodic Markov chains. Our experiments confirmed the
theoretical derivation: the resulting sequences exhibit a measurable decrease in Shannon entropy compared to a uniformly random
sequence. This implies that the topological structure of a Boolean circuit can impose a non-uniform probability distribution on its
outputs, effectively filtering randomness to produce more deterministic patterns. This work establishes a clear connection between
Boolean logic, circuit topology, and the information-theoretic properties of the sequences they generate.

VI.FUTURE WORKS
This work is primarily theoretical. Future research could explore practical applications of this principle, such as in designing
hardware-based pseudo-random number generators with specific statistical properties or modelling emergent com plex behaviour
in logical systems.
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